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(Dated: February 6, 2007)
I. SYNOPSIS
In treating the Hydrogen Atom’s electron quantumme-
chanically, we normally convert the Hamiltonian from its
Cartesian to its Spherical Polar form, since the problem is
variable separable in the latter’s coo¨rdinate system. This
reading treats the brute-force method of effecting the
transformation of the kinetic energy operator, normally
called the Laplacian, from one to the other coo¨rdinate
systems.
II. PRELIMINARY DEFINITIONS
We start with the primitive definitions
x = r sin θ cosφ
y = r sin θ sinφ
and



























































































































III. PRELIMINARY PARTIAL DERIVATIVES

















= cos θ (3.3)
and we have as a starting point for doing the θ terms,
Typeset by REVTEX
d cos θ = − sin θdθ = dz
r





















(xdx+ ydy + zdz) (3.4)
so that, for example (when dy = dz = 0) we have






− sin θdθ = −r cos θ
r2
























but, for the z-equation, we have





































= − sin θ
r
(3.7)



























































IV. THE FIRST PARTIAL DERIVATIVE
TERMS
























































V. GATHERING TERMS TO FORM THE
LAPLACIAN
































while from Equation 4.2 we obtain
∂2
∂y2
= (sin θ sinφ)
∂
[

























) ∂ [sin θ sinφ ∂∂r + ( cos θ sinφr ) ∂∂θ + ( cosφr sin θ) ∂∂φ]
∂φ
(5.2)
and from Equation 4.3 we obtain
∂2
∂x2
= (sin θ cosφ)
∂
[
















































− sin θ ∂
∂r
− cos θ ∂
∂θ
)












while for the y-equation we have
∂2
∂y2












































































































































































































































































































Now, one by one, we expand completely each of these
















































and, for the y-equation:
∂2
∂y2




































































































































and finally, for the x-equation, we have
∂2
∂x2





































































































































Gathering terms as coefficients of partial derivatives,




cos2 θ + sin2 θ sin2 φ+ sin2 θ cos2 φ
)→ ∂2
∂r2






cos θ sin θ
r2
+
sin θ cos θ
r2
− sin θ cos θ sin
2 φ
r2




cos2 φ cos θ
r2 sin θ
− sin θ cos θ cos
2 φ
r2



















cos2 θ sin2 φ
r2
+








































2 θ cosφ sinφ
r sin2 θ
− cos

























































− sin θ cos θ
r
− sin θ cos θ
r
+
cos θ sin θ sin2 φ
r
+
sin θ cos θ cos2 φ
r
+
cos θ sin θ sin2 φ
r
+








































































Here is a set of Maple instructions adjusted from the
2-dimensional code [1] for our 3-dimensional case, which


















del := algsubs( cos(theta)^2=1-sin(theta)^2, del ):
del := expand(algsubs( cos(phi)^2=1-sin(phi)^2, del ));
B. Example 2
Here is another version of the same thing:
> #CARTESIAN TO SPHERICAL POLAR
> restart;
> with(plots):




x2 + y2 + z2, arccos(
z√
















> Lapu := subs(arctan(sin(theta)*sin(phi),sin(theta)*cos(phi))=phi,
> arccos(cos(theta))=theta,
> Lapu):
> Lapu := algsubs(-1+cos(theta)^2=-sin(theta)^2,Lapu):
> Lapu:=expand(Lapu);
Lapu :=
D2(u)(r˜, θ, φ) sin(θ)2 cos(θ)
r˜2 (sin(θ)2)(3/2)
+
D2, 2(u)(r˜, θ, φ)
r˜2
+





+ D1, 1(u)(r˜, θ, φ)
It takes some getting used to Maple notation to see that
this is the expected result.
VII. COMMENTS
The reader should be aware that the brute force meth-
ods used here are primitive in the extreme, and that there
are better ways to carry out the transformation from
Cartesian to Spherical Polar (and indeed any orthogo-
nal) coo¨rdinate system.
[1] Mathias Kawski, http://math.la.asu.edu/∼kawski/MAPLE/MAPLE.html
